Paper 1 Jeopardy [145 marks]

1. [Maximum mark: 5] 20N.1.AHL.TZO.H_5
The first term in an arithmetic sequence is 4 and the fifth term is log, 625.

Find the common difference of the sequence, expressing your answer in the
formlog, p,wherep € Q. [5]

Markscheme

*This question is from an exam for a previous syllabus, and may contain minor
differences in marking or structure.

us = 4 + 4d = log, 625 (A1)
4d = log, 625 — 4
attempt to write an integer (eg 4 or 1) in terms of 10g2 m1
4d = log, 625 — log, 16
attempt to combine two logsintoone M1
— 625
4d = 10g2 (F)
1 62
d = ;log, (%)
attempt to use power rule forlogs M1
1
d =log, ()"

d = log, (%) A1
[5 marks]

Note: Award method marksin any order.

2. [Maximum mark: 6] 25N.1.AHL.TZ1.6



A linear system of equations is given by
x—z=4

20 +2y+z2=14
r+2y+az=p

Find the value of v and thevalueof,B,whereoz,,B € 7., forwhich the system
has an infinite number of solutions.

Markscheme

METHOD 1 Row Reduction
attempt to reduce a matrix or eliminate one variable M1)

two correct rows or equivalent equations Al1A1

1 0 -1 4 1 0 -1 4
2 2 1 14l=1]0 2 3 6
1 2 a B 0 2 14+a pB-—4

correct third row or equivalentequation A7

1 0 -1 4
0o 2 3 6
0 0 a—-2 B-10

equating the third row coefficients to zero  (M1)

a=2andfB =10 M

METHOD 2 Writing an equation in one variable

attempt to eliminate either  or 2z using the first two equations (seen anywhere)
(M1)

2(z4+4)+2y+2=14 R 2z +2y+ (x —4) =14

(6]



one correctequation A1
2y+32=60R 3z + 2y = 18

correct substitution into the third equation to create an equation in either x or 2
A2

r+18—-3z+a(r—4)=pOR z+4+6—3z+az=/ OR
(a—2)z=pF+4a—18 OR z(a —2) = f— 10

attempt to set coefficients equal to zero for infinite solutions  (M1)

a=2adfB=10 A1

METHOD 3 Subtracting and comparing equations
attempt to add or subtract two equations M1)

r+2y+2z=100R 22 +2y+ (o — 1)z = 3+ 4 OR
zt+(l—a)z=14-8 a2

attempt to compare coefficients with the third equation M1)
a—1=18+4=141-a=-1,14—8=4

a=2andfB =10 A141

METHOD 4 Vector approach

attempt to find direction vector of line of intersection using 111 and 119 m1)

1 2
x |2
—1

SIOK



2

normal of 113 is perpendicularto | —3 M1)
2
1 2
21| -3 =0
o' 2
a=2 A

correct substitution of a point common to the first two planes into the third plane
A1

0+2(9)+2(—4). 4+ 2(3) + 2(0)
=10 m

METHOD 5 Finding a general point on the line of intersection

attempt to find intersection of 111 and 119 (M1)

r=4+2y=3— 32

T=4+2y=3—-3t2=2t ORr= (4, 3,0)+£2, —3,2)
ATA1

correct substitution of general pointintorig A7
(4 + 2t) + 2(3 — 3t) + «(2t), 10 + t(2cc — 4)

recognizing that the coefficient of £ must be zero OR the constant term must be 3
(M1)

2a—4=00R =10
a=2and =10 A1

[6 marks]

Examiners report



This proved to be quite a challenging question for many students, particularly if they
attempted methods other than a matrix reduction. Infinite solutions representing the
coefficients of their final equations being zero was often missed, leading to a
maximum of four marks. A fair number of students attempted, and were often
successful, solving this problem using vector methods.

[Maximum mark: 5] 25N.1.AHL.TZ3.4
Solve the equation 3 logg 10z — log, z = 1forz > 0. [5]
Markscheme

Note: Candidates may approach this problem in different ways and may do their
steps in many different orders.

TheMmarks are independent and may be awarded in any order. Use the description
of each mark to determine when the mark may be awarded.

3 logg 10z —log, x =1
attempt to apply power rule, quotient rule, or product rule (seen anywhere) (M1)
attempt to apply change of base rule (seen anywhere) M1)

correct equation with same base in all logarithms A1

log, 10z — log, z7 =1 or log, 10 + log, = — % logy x =1 or
log, (10z)*

log, 8 - 10g4 z=1 (orequivalent)

correct equation withoutlogarithms A7

10y/x =2 or y/z = 1—20(: %) (orequivalent)
_ 1

r = 25 A1

[5 marks]

Examiners report



SL:

Many candidates struggled with this question, which required them to solve an
equation containing logarithms with different bases. That said, a good number of
candidates were able to earn one or two method marks for their attempts to apply
the change of base rule or the power rule for logarithms. A commonly seen incorrect
attempt to apply the rules of logarithms was to express 3 logg 10z aslogg 1023,
neglecting to apply the exponent to both the 10 and the 2. While some were able to
correctly apply the change of base rule and create a correct equation in terms of base
2,4 or 8, only a small percentage of candidates were able to earn full marks here due
to various algebraic errors in their working.

HL:

The range of responses to this question seemed significant in terms of the abilities of
students attempting this paper, as attempts ranged from poor applications of the
'‘power rule' to fully correct answers seen within three or four lines of working.
Regarding the former, it was not unusual to see 3 log 10z written aslog 10z,

rather than

log (IO:B) 3, which caused issues with subsequent working.The best, and most

perceptive answers, jumped straight to stating log, 10z — %10g2 x = 1,from
1

where it was relatively straightforward to reach the correctanswerof t = 55 -

[Maximum mark: 7] 24M.1.AHL.TZ2.9
A teacher takes 1 students on a field trip. The students are assigned randomly into two
groups.

For safety reasons there must be exactly three students in the first group and at least three
students in the second group.

The teacher will randomly assign three students to the first group and the other students

to the second group.

(a) Write down an expression for the number of ways that the students could
be assigned. [1]



Markscheme

"Cy, A1

[1 mark]

Examiners report

This proved to be a challenging question so it was nice to see students achieving part
marks on the way with thoughtful application. Part (a) was often correct although a
common error was not to recognise that choosing three students to be in the first
group made the second group choice automatic. In part (b) it was pleasing to see
candidates gaining marks by showing clear working, setting up relevant equations
and simplifying their factorials.

Two of the students ask the teacher not to work in the same group.

The teacher agrees and now finds that the number of ways to assign the students is

halved.

(b) Determine the value of n.
Markscheme

EITHER
finding the number of ways to assign the students with the two students apart
number of ways to assign two students 201 (seen anywhere) (A1)

number of ways to assign others n_202 to have one group of 3 (seen anywhere)

(A1)
number of ways = 201 X ”*202

attempt to set up an equation involving either half of their answer to part (a) and
their number of ways or their answer to part (a) is twice their number of ways M1

1n _ 2 n—2 n _ 2 n—2

(6]



valid attempt to eliminate all factorials from their equation (M1)

—1)(n—2 —2)(n—
% =2X2xX W or equivalent with no factorials

n(n—1) =12(n — 3)

OR

finding the number of ways to assign the students with the two students together

number of ways to assign two students and one other to the first group n_201 (seen
anywhere) (A1)

number of ways to assign three other students the first group n_2C3 (seen
anywhere) (A1)

number of ways = "‘201 + n_203

attempt to set up an equation involving either half of their answer to part (a) and
their number of ways or their answer to part (a) is twice their number of ways M1

1n _ n—2 n—2 n _ n—2 n—2
3"'C3="""C1+"7°C3 R "Cy3=2(""C +"°C;)
valid attempt to eliminate all factorials from their equation M1)

n(n—313(2n—2) — 9 x (n - 2) +2x (n—2)(§,;§)(n—4)

nn—1)=12+2(n — 3)(n —4)

THEN
n?—13n+36=0 A1
(n—9)(n—4)=0

n=9 A1

Note: Do not award the final A7 if additional values of 1y are given.

[6 marks]



[Maximum mark: 8] 21M.1.AHL.TZ1.9
A farmer has six sheep pens, arranged in a grid with three rows and two columns as
shown in the following diagram.

Five sheep called Amber, Brownie, Curly, Daisy and Eden are to be placed in the pens.
Each penis large enough to hold all of the sheep. Amber and Brownie are known to fight.

Find the number of ways of placing the sheep in the pens in each of the following cases:

(@) Each penis large enough to contain five sheep. Amber and Brownie must
not be placed in the same pen. (4]

Markscheme

METHOD 1

B has one less pen to select M1)

EITHER
A andBcanbeplacedin6 X Sways (A1)

C,D,E have 6 choiceseach  (41)

OR
A (orB),C, D, E have 6 choiceseach  (41)

B (or A) hasonly b choices (A1)

THEN



(b)

5 x 64 (= 6480) 41

METHOD 2

total number of ways = 6° (A1)

number of ways with Amber and Brownie together = 64 (A1)
attempt to subtract (may be seen in words)  (M7)

65 o 64

— 5 x 64 (= 6480) a1

[4 marks]

placed in pens which share a boundary.
Markscheme

METHOD 1

total number of ways = 6!(= 720) (A1)

number of ways with Amber and Brownie sharing a boundary
=2x7x4!Y(=336) @y

attempt to subtract (may be seen in words)  (M7)

720 — 336 =384 a1

METHOD 2

case 1: number of ways of placing A in corner pen

3x4x3x2x1

Each pen may only contain one sheep. Amber and Brownie must not be

(4]



Four corners total no of waysis

4x(3x4x3x2x1)=12x4!(=288) @

case 2: number of ways of placing A in the middle pen

2x4x3x2x1

twomiddlepensso2 X (2 x 4 X 3 x 2 x 1) =4 x 4/(=96) (1)
attempt to add (may be seen in words)  (M1)

total no of ways = 288 + 96

— 16 x 4!(=384)

[4 marks]
[Maximum mark: 5] 24M.1.AHL.TZ2.2
Solve3 X 9* +5 x 3* —2 = 0. [5]
Markscheme

recognising a quadraticin 3*  (M1)
3% (37)°+5x3°—2=0

valid attempt to solve a quadratic equation (factorising, use of formula, completing
square, or otherwise) M1)

(3% 3% —1)(3%+2) =0 OR 3% = =2V (grequivalent) (A1)

3" =5 (3" =-2 @)



Note: Award the final A7 if candidate’s answer includes £ = —1 and
Tr = 10g3 (—2).AwardA0 if other incorrect answers are given.

[5 marks]

Examiners report

Many students recognised the hidden three term quadratic and as a consequence
produced a correct solution. A number of students who did not recognise the
quadratic tried to apply logarithms to the sum of terms.

[Maximum mark: 5] 25M.1.AHL.TZ3.3
Solve the equation 2 cos 20 — 5 cos 0 + 2 = 0,wherenn < 6 < 2m. [5]
Markscheme

recognizing to use cos 20 = 2cos> 0 —1 1)
2(2cos? @ —1) —5cos§+2(=0) a1

4cos?§ —5cosf (=0)

choosing an appropriate method to solve their quadratic equation (M1)

554/ (—5)*—4x4x0
cos 6(4cos § — 5) OR ( 214 S (A1)

cos0 =0

Note: Do notaward final A7if any extra solutions given.

[5 marks]



Examiners report

There were a significant number of good solutions to this question, although there
were a number of students that did not pay attention to the range of values for the
solutions, and others who included an extra solution of cos ™! %A significant
number of students approached the quadratic equation found, by dividing both
sides by cos 6, resulting in a loss of most of the marks.

[Maximum mark: 5] 23N.1.AHL.TZ1.1

Consider the functions f(z) = & — 3and g(z) = 2 + k% where kisa real
constant.

(a) Write down an expression for (g o f) (m)
Markscheme

attempt to form (g o f) (:U) m1)

(g @) = (=3)"+k (=2’ —6z+9+k") 4

[2 marks]

Examiners report

SL:

While most candidates answered part (a) correctly, some mistakenly found
(f o g)(x) ratherthan (g © f)(a).In part (b), the most common error was to go
fromk? = 9to afinal answer of kK = 3, neglecting the +.

HL:

A very straightforward question for almost all candidates. One or two arithmetical

slips rarely occurred in part (b) where k = 4=4/11 was sometimes seen.

(2]



(b)  Giventhat(g o f)(2) = 10,find the possible values of k. [3]
Markscheme

substituting £ = 2 into their (g o f) (a:) and setting their expression = 10
M1)

(2-3)°+k* =100r22—6(2) + 9 + k> = 10

k*=9 (1)
k=+3 A1
[3 marks]
[Maximum mark: 5] 25M.1.AHL.TZ2.7
Itis giventhat z* + px3 — 222 + gz — Jisexactly divisible by (z + 1)2.
Find the value of p and the value of ¢, where p, ¢ € R. (5]
Markscheme

METHOD 1 (product of quadratic factors)
attempt to write as product of two quadratic factors (M1)
z* + pxd — 222 +qr — 3 = (a:2—|—2:1:—|—1)(aw2—|—ba:+c)

:(:(:2—|—2a:—|—1)(a:2—|—bcc—3) OR (a:2—i—2ac—|—1)(:c2—3) A1

attempt to compare their coefficients M1)
p=b+20Rqg=b—6 OR —-2=2b+1-3
b=0 @)

p=2,q=—6 A1



METHOD 2 (double root)

let f(z) = 2% + px® — 222 + gz — 3

recognitionthat f(—1) =0 M1)

p+qgq=—-4 Mm

recognition that f/(z) = 4z + 3px? — 4z + ¢
3p+q=0 4

p=2,q=—6 A

METHOD 3 (division by (z + 1) twice)
attempt to use division with (:B + 1) to find remainder M1)

p+q=—-4 M

attempt to use division once again with (33 + 1) to find remainder
q+3p=0 m

p=2,qg=—6 M

METHOD 4 (division by 2 + 2z + 1)
attempt to use division to find remainder M1)

(g + 3p)z + 2p — 4(= 0) (orequivalent) (A1)

equating the coefficients of their remainder to 0 (M1)

M1)

gq+3p=0ad2p—4=00Rqg—p+2=2(1—2p) and

—3 =1 — 2p (oregivalent) A1



METHOD 5 (sum and product of roots)
letthe fourrootsbe —1, — 1, acand 8

attempt to set sum of four roots equal to —p OR product of four roots equal to —3
(M1)

Note: Award M1 for expansion of (a: — 1)2 (:E — Oz)(:B — ﬁ) leading to a quartic
zt+(2—-a—pB)zd+ (aB—2a — 28+ 1)z% + (2a8 — a — B)z + aB(= 0)

(-1)+(-1)+a+p=—p(=a+p=—p+2)and
(-1)(-1)aB=-3(=af=-3) m

sum of product of pairs and sum of product of roots taken three at a time

af—a—a—F—-F+1=-2(=af—2a—28=-3) and
—af—af+fta=—q(= 2a8+B+ta=—q M

Note: Award A7 for any two correct equations.

attempt to solve their four equations to obtain thevalueof pandq (M)
af=—-3and af —2a—28=-3=a+ =0
p=2,q=—6 M

[5 marks]

Examiners report

Most candidates correctly applied the Factor Theorem to form an initial linear
equation involving p and g, often earning the first two marks. A variety of methods
was attempted, including the use of sum and product of roots, direct factorisation or



10.

algebraic division, with some candidates switching approaches when their first
method was unsuccessful. However, many found it difficult to form a second correct
equation. Stronger candidates were able to do so and produced fully correct

solutions.

[Maximum mark: 7] 22N.1.AHL.TZ0.5
Consider the equation 2% + pz® + 5422 — 1082 + 80 = O where 2 € Cand
p e R

Three of the roots of the equation are 3 + i, cvand o, wherear € R.

(@) By considering the product of all the roots of the equation, find the value
of . (4]

Markscheme

product of roots = 80 (A1)
3 —iisaroot (A1)

attempt to set up an equation involving the product of their four roots and =80
M1)

(3+1)(3 —i)a® =80 = 10a3 = 80

o =2 A1

[4 marks]

Examiners report

This proved to be troublesome only for those who failed to recognise the existence
of the conjugate root 3 — 1and proceeded to work with three roots rather than the
required four. Otherwise, it was very pleasing to see a great number of candidates
gain full marks in both question parts.



(b) Find the value of p. (3]

Markscheme

METHOD 1

sum of roots = —p (A1)
—p=3+4+i+3—-i+2+4 M1)

Note: Acceptp = 3 +1+ 3 — i+ 2 + 4forM1)

p=—12 Al
METHOD 2
(z—B+1)(z—(3—1)(z—2)(z—4) (M1)

((z=3) =1)((z = 3) +1)(z = 2)(z - 4) (A1)
(22 —62+10) (2 —62+8) = 2" —122° + ...

p=—12 Al

[3 marks]

11. [Maximum mark: 4] 21M.1.AHLTZ1.6

Itis given that cosecf = where < 0 < =-.Find the exact value of
cot 6. [4]

Markscheme

METHOD 1

attemptto use arightangled triangle M1



9 ]
J5

correct placement of all three values and @ seen in the triangle (A1)

cot @ < 0 (since cosec > 0 puts @in the second quadrant)  RT

cotf = —% A1

Note: Award M141R0A0 for cot 0 = % seen as the final answer
The R1 should be awarded independently for a negative value only given as a
final answer.

METHOD 2
Attempttouse 1 + cot?6 = cosec20 M1
1+ cot?6 = %
2n __ 5
cot“0 = 5 1
cotd = i%
cot @ < 0 (since cosech > 0 puts @ in the second quadrant)  R1

cotd = —@ A1
Note: Award M141R0A0 for cot 8 = % seen as the final answer

The R1 should be awarded independently for a negative value only given as a
final answer.



METHOD 3
: _ 2
sinf = 3

attempttousesin® + cos?’60 =1 M1

% + cos?0 =1
cos20 = % (A1)
cosf = :I:%

cos@ < 0 (since cosec > 0 puts @ in the second quadrant)  R7

_ A5
cosH——T
coté’:—% A1

Note: Award MIATR0AO for cot @ = % seen as the final answer

The R1 should be awarded independently for a negative value only given as a
final answer.

[4 marks]

12.  [Maximum mark: 6] 23M.1.AHL.TZ2.1
The following diagram shows a circle with centre O and radius 4 cm.

diagram not to scale



The points P, Q and R lie on the circumference of the circleand POR = 6, where fis
measured in radians.

The length of arc PQR is 10 cm.
(@) Find the perimeter of the shaded sector.

Markscheme

attempts to find perimeter M1)
arc + 2 x radiusor10 +4 + 4

=18(cm) 41

[2 marks]

Examiners report

SL:

Nearly all candidates performed well on this question, with most earning full marks.
A few candidates tried to work in degrees, which often led to problems finding the
answers in parts (b) and (c).



HL:

This question was carried out correctly by almost all students. One or two weaker
students attempted to work in degrees, leading to some confusion and a
considerable loss of marks in some cases.

(b)  Find 6. [2]

Markscheme

[2 marks]
() Find the area of the shaded sector. [2]
Markscheme
area= 5 (1) (4%) (=1.25 x 16)  @n
= 20 (cm? A1
[2 marks]
13. [Maximum mark: 5] 22N.1.AHL.TZ0.8

Let f(x) = cos(xz — k), where0 < z < aanda, k € RT.

(@ Considerthe case where k = %

By sketching a suitable graph, or otherwise, find the largest value of a for

which the inverse function f ! exists.



(2]

Markscheme

a = A2

k=l
2

Note: For sinusoidal graph through the origin seen with incorrect a, or use of
horizontal line test with incorrect a, award 4140

[2 marks]

Examiners report

While the first two parts of this question proved very accessible, incorrect answers
were usually seen in part ¢). Some candidates made a reasonable start in attempting
to sketch one or two sinusoidal functions but struggled to make further progress.
Seemingly only the best candidates were able to gain full marks from this question
part.

(b)  Find the largest value of @ for which the inverse function f_l existsin

the case where k = 1. [1]
Markscheme
a—=1 A1
[1 mark]

() Find the largest value of a for which the inverse function f ~! existsin
the case wherem < k < 2m. Give your answer in terms of k.

(2]



14.

Markscheme

AN o

sketch showing sinusoidal shape decreasing as it crosses the Yy-axis

(below or above the origin) (A1)
a=k—m A1
[2 marks]
[Maximum mark: 6] 22M.1.AHL.TZ1.9

Consider the complexnumbers z; = 1 + biand z9 — (1 - bz) — 2bi, where
beR, b#0.

(@)  Find an expression for 2129 in terms of b. [3]
Markscheme
2129 = (14 bi)((1 — b%) — (2b)i)
= (1-b*—2i%%) +i(-2b+b—0%) m

= (1+0b%) +i(-b—0%) A

Note: Award ATfor 1 + b2 and A1 for —bi — b3i.



[3 marks]

Examiners report

Part (a) was generally well done with many completely correct answers seen. Part (b)
proved to be challenging with many candidates incorrectly equating the ratio of
theirimaginary and real parts to % instead of tan %. Stronger candidates realized
thatwhen 6 = 7,
and imaginary parts to obtain the value of b.

it forms an isosceles right-angled triangle and equated the real

(b) Hence, given that arg(zlzz) = %,ﬁnd the value of b. [3]

Markscheme

arg(z122) = arctan( _1(:1)23> =7 M)

EITHER
arctan(—b) = 7 (sincel + b2 £ 0,forbe R) a1

OR

—b — b3 = 1 + b2 (orequivalent) A1

[3 marks]

15. [Maximum mark: 6] 25M.1.AHL.TZ1.6



The line L1 hasvectorequation 7 = 44 — k + A(aj + k), wherea,
AeR

The line Ly has vector equation ? = ¢ — bk + ,LL('i + 27+ 3k),where b,
©w e R

The lines L1 and L are perpendicular and intersect at a unique point.

Find the value of @ and the value of b.

Markscheme
0 1
direction vectorsareaj + k| = | a andt+ 273 +3k| = |2
1 3
(A1)

recognition that the scalar product of the direction vectors is 0 M1)
1

- 12|(=2a+3)=0
3

a= — A1

oo

atpointof intersection4 = 1 + p, —%)\ =2pand =1+ A= —-b+3u
(A1)

attempt to solve 3 equationsin L, A and b, derived from the point of intersection, to
findu, Aandb.  (M1)

p=3A=-4
b=14 m
[6 marks]

Examiners report

Those students who correctly wrote the given equations in column vector form often
produced fully correct solutions, readily recognising the direction vectors and that

(6]



the scalar product of these was zero. Some students seemed confused by the 2, 7, k
notation in the question.

16. [Maximum mark: 4] 20N.1.AHL.TZ0.H_1
A discrete random variable X has the probability distribution given by the
following table.

X 0 1 2 3
1 1
P(X=x — —
(X=x) p p e q
Giventhat E(X) = % determine the value of p and the value of g. [4]
Markscheme

*This question is from an exam for a previous syllabus, and may contain minor
differences in marking or structure.

E(X)=0xp)+(Ixg)+(2x5)+3q¢(=1) o
(=1+3+3¢=1)

A1

K
I
ol =

[4 marks]



17. [Maximum mark: 6] 25N.1.AHL.TZ3.2
Events A and B are such thatP(A) = %,P(B) = %and P(A‘B)

1
1
(a) Find the probability that both events A and B occur. [2]

Markscheme

attempttouse P(A N B) = P(A|B)P(B) (: % X %) M1)
= M
[2 marks]

Examiners report

SL:

In part (a) of this question, many candidates did not recognize that finding the
probability that both events A and B occur would require them to find the
intersection, and many attempted to find the union instead. Of the candidates who
recognized the need to find the intersection, many incorrectly assumed the events
were independent, and simply multiplied P(A) and P(B), therefore obtaining an
incorrect value. Few candidates earned full marks in part (b) of this question, which
asked candidates to find P (Al B). Many candidates earned a mark for finding
P(Br) = % but very few were able to correctly find the value of P(A N BY)
necessary for the final calculation, with some candidates again incorrectly assuming
independence and multiplying P(A) and P (B), and many others substituting
their value of P(A N B) rather than attempting to find P( A N BY), as needed.

HL:

Possibly due to a rushed start at the paper, attempts at part a seemed equally split

between those giving an incorrect answer of % X % = % and the correct answer

of % X % = % Part b) was successfully answered by the better candidates,

though a majority gained two of the four marks available through their use of

P(Bl) = % and an attempt at conditional probability, often leading to a final



incorrect answer of %.Though not a specific requirement, Venn diagrams were only
occasionally employed.

(b) FindP(A|Br). [4]

Markscheme

P(B)=2 or P(ANB) =35

attempt to use P(A|BY) = % (M1)
(1)

A1
5y @D

%) w

[4 marks]

wl”‘

(
— 5
8

[Maximum mark: 6] 24N.1.AHL.TZ0.2
Two events A and Baresuchthat P (A) = 0. 65, P (B) = 0.45 and
P(AUB) =0.85.

@ FindP (AN B). 3]
Markscheme
useof P(AUB) =P(A)+P(B)—P(ANB)
P(ANB)=0.65+0.45 — 0.85 (orequivalent) (A1)

=0.20 M

[3 marks]

Examiners report



Part (a) was usually answered correctly. Better students were able to answer part (b)
with few problems, though this part did prove to be more discriminating. The correct
formula for P( A/l Br)) was usually written down, but with P( A/N BY) calculated
incorrectly, with many suggesting P(A/NB!) = 0. 75 leading to

_ 0.75
P(AN Br) = ¢%2.
(b)  Find P (A/l BY). [3]
Markscheme

P (A/NBr) = 0.15 (may be seeninVenn diagram) (A1)

attempt to substitute their valuesinto P (A/| Br) = % M1)
P (A1 Br) = 3£

_ 15 3

~ 55 ( 11 )

[3 marks]

19. [Maximum mark: 7] 25M.1.AHL.TZ2.4

Events A and B are such thatP(A U B) = % and P(A N BI) =

(@ FindP(B). [3]
Markscheme

attempt to use aVenn diagram OR law of addition (M1)



P(AUB)=P(ANBr)+P(B)
2=L+P(B)
PB)=£(=4)

[3 marks]

Examiners report

Part (a) was often answered successfully when candidates used Venn diagrams. In
part (b), many identified the correct conditional probability expression but failed to
recognise the need to solve for P(A), resulting in most being awarded only one

mark.

(b)  Given thatevents A and B are independent, find P (Al |B). (4]
Markscheme

METHOD 1:finding P (A)
attempttofind P (4) w1

P(ANBr)=P(A) x P(Br) oR
P(AUB) =P(A)+P(B)-P(4) xP(B)
P(A)x 2= orR 2 =2P(A)+ 3

P(

A= @



20.

EITHER

P (A/NB) P (A1) xP(B)

P(ArIB) = PB) P (B) = P (A/) (seenanywhere) OR

7
1-— 16 (A1)

THEN

P(A11B)=2% m

METHOD 2: attempt to find P (A N B)

attempttouse P (AN B) =P(A) x P(B) m

z=(z+57) X+

7

18 Al

Tr =

P(A/IB)=P(B)—P(ANB)+1—P(AUB) oR

1 7 5
_§__8+1_§ (A1)

PAIIB)=2%(=4&)

[4 marks]

[Maximum mark: 8]
The continuous random variable X has probability density function

k
o= 0551

0, otherwise.

22M.1.AHL.TZ1.7



(@)  Findthevalue of k.

Markscheme
attempt to integrate —k__ m1)
432
1 : V3
= — —5— Al
k{ Ne arcsm( 5 )J

Note: Award (M1)40 for arcsin ( @ w) .

Condone absence of k up to this stage.

equating theirintegrand to 1 m1

k[%arcsin(%gx)}; =1

k=33

II

[4 marks]

Examiners report

Most candidates who attempted part (a) knew that the integrand must be equated to
1 and only a small proportion of these managed to recognize the standard integral
involved here.The effect of 3 in 3¥ was missed by many resulting in very few
completely correct answers for this part. Part (b) proved to be challenging for vast
majority of the candidates and was poorly done in general. Stronger candidates

who made good progress in part (a) were often successful in part (b) as well. Most
candidates used a substitution, however many struggled to make progress using this
approach. Often when using a substitution, the limits were unchanged. If the
function was re-written in terms of x, this did not resultin an error in the final answer.

(b)  Find E(X).

(4]

(4]



Markscheme

_ 3v3 rl x
E (X ) = =2 T dz a1
Note: Condone absence of limits if seen at a later stage.

EITHER

attempt to integrate by inspection M1)

— 8 L[ 6a(4—32%) ' da
1

e e R N
i} 3 0

Note: Condone the use of k up to this stage.

OR
_ 2 du
forexample,u = 4 — 3z° = - = —6z
Note: Other substitutions may be used. For example u = —3x2.

g, d
——%‘[;U?Clu M1

Note: Condone absence of limits up to this stage.

_ B[y
~ "o [2v/4] s A
Note: Condone the use of k up to this stage.

THEN



Al

|
:||§|

Note: Award AOM14140 for their k —%\/4 — 3332} ork[—.?\/a] for working

with incorrect or no limits.

[4 marks]

21. [Maximum mark: 4] 25M.1.AHL.TZ1.3
Find the area completely enclosed by the curvesy = em,y = —e%,and the
linesx = —landxz = 1. [4]

Markscheme

METHOD 1

attempt to setup integral e” — (—e”) = 2e” or2e” andthen double (1)
f(e* —(—e*))dz orR 2 [e* d =

=2 f_ll e dx

—=2[e”]', @y

attempt to substitute correct limits into their integrated function and subtract
(M1)

=2(e—1),2e—2,2¢e—2"

METHOD 2
f_ll e*dx = [e*]", and f_ll —e*dx=[—e"",

attempt to substitute correct limits into both their integrated functions and subtract
m1)



el —eland —e! — (—e!)

subtracts their two integrals in correct order (M1)
el —e 1 — (—e1 + e’l)

_ 1 _ 2 |
=2(e— <) 2e— %, 2e—2"" M

[4 marks]

Examiners report

SL:

Mixed response. Most students understood they needed to find the two areas using
integration and substituted the correct limits. Sign errors were sometimes seen.
Drawing a sketch of the two functions often supported understanding of the
question.

HL:

There were many fully correct answers especially for those students who found the
difference between the curves initially. Those students who split the area up into two
integrals often introduced sign errors and there were some incorrect graphs which
resulted in using incorrect limits.

22. [Maximum mark: 5] EXN.1.AHL.TZ0.6

. . . 2z cos(a:z)
Use I'Hopital’s rule to determine the value of lim Stnaz |
m4)0 an r

(5]

Markscheme

*This sample question was produced by experienced DP mathematics senior
examiners to aid teachers in preparing for external assessmentin the new MAA



23.

[Maximum mark: 5]

Consider the function f(:v) = 47"”3 — 162, wherex € R.

course.There may be minor differences in formatting compared to formal exam
papers.

o i 2z cos(z?)
attempts to apply I'Hopital’s rule on wlg(l) " tan - M1

2 cos (wz) —4z? sin(:c2)

5sec? x

= lim(

) M1A1A1
z—0

Note: Award M1 for attempting to use product and chain rule differentiation on the
numerator, A1 for a correct numerator and A1 for a correct denominator. The
awarding of A1 for the denominator is independent of the M1.

A1

[SIN

[5 marks]

The graphof Yy = f(a:) has a local minimum point at (p, q) wherep > 0.

Find the value of p and the value of q.

Markscheme

fi(z) =4z*> —16 a1

sets their derivative equal to zero (M1)
422 — 16 = 0,(z = £2)

p =2 (acceptx = 2) Al

substitutes their positive p into f(:l:) (M1)

25M.1.AHL.TZ1.1

(5]



y=22) _q16(2)(= 2 —32= &)

q= —% (accepty = _TM) A1

[5 marks]

Examiners report

SL:

Many fully correct solutions seen. Most students understood they needed to
differentiate and set the derivative equal to zero to find p. A number of students used

the quotient rule to differentiate 47963 which was inefficient use of their time. A few
students failed to notice that the positive value of p should be used as stated in the
question. Most realized that they should substitute p into the original equation but
struggled with the fraction work.

HL:

Most students found this question straightforward, although there were a few
calculation errors. Some students spent time verifying that they had found the
minimum point by taking the second differential, which was not required.

24, [Maximum mark: 7] 24M.1.AHL.TZ1.8
(a) Find the first two non-zero terms in the Maclaurin series of

(@i) sin (2?); [2]

Markscheme

sin (12) =% — (w;!)3 + ...

. 6 6
sm(a;2):x2—%+...(:w2—%+...> A1A1



Note: Award A7 for each term.

[2 marks]

Examiners report

In part (a) (i), many students correctly used the Maclaurin series for Sin  given in

the formula booklet to obtain the series for sin ($2) as required. In part (a)(ii), a
surprisingly large number of students chose to square each term individually rather
than the entire series. Many students did not attempt part (b) and the response was
generally poor for this part with very few correct answers seen.

@i sin® (z?).
Markscheme

METHOD 1

attempt to square their series for Sin (cc2) (M1)

Note: Award A7 for each term.

METHOD 2

. .. 2 [ 9 1—cos (22?)
attempt to use the identity S1In (:c ) = — (M1)

(3]



Note: Award A1 for each term.

[3 marks]

(b) Hence, or otherwise, find the first two non-zero terms in the Maclaurin

series of 4 sin (wz) cos (:B2) (2]
Markscheme
METHOD 1
recognition that 42 sin (az2) cos (332) = M M1)
= 4z3 — 87367—1—... A1
METHOD 2

recognition that 4 sin (a:2) cos (:132) = 2z sin (2:32) M1)

N3
:233(2:1:2—%4—...)

7
:4:1:3—8%4—... A1

METHOD 3

4z sin (m2) cos (332)

:4w<w2—§—f+...>(l—’§—?+...) (A1)



25.

7
—4p3 -8 4+ . oom

METHOD 4

d(sin (z®
recognition that 22 cos (:C2) = w M1)

4z sin (w2) cos (:1:2)

:2(x2—§—f+...)(2x—%+...)

7
—4p3 -8 4+ oom

[2 marks]

[Maximum mark: 8]

. . . . d —
Consider the homogeneous differential equation d—‘z = irz,wherew >0
andy # —x.

Itisgiven thaty = Owhenz = 2.

By using the substitution y = v, show that the solution of the differential
equationisz? — 2zy — y? = 4.

Markscheme
d
y—um ol o
dv _zr—wvx ([ 1—w
Ia TU= T+vx (_ 1+1))
dv 1—v

e + v = 7o (A1)

dv _ 1-v o 1-20—2?
Lar = 14+v U(_ 1+wv >

attempt to separate variables and form two integrals M1)

25M.1.AHL.TZ1.9

(8]



v dv—f dz

12002
f%dlenaz—l—c A1

1+v

use of substitution or inspection to integrate Tou_

u=1-2v—0v?= ¢ =-2-20=-2(1+v)

_14v 2
T o7 dv———ln|1—2v—v | OR

—sln|v’+2v—1|=Inlz|+c M

2
—%ln‘1—2l— Yl —In|z| =c oR
x T
1 Yy y _
—gln‘p+2; —1‘ —Injz|=c
EITHER

attempt to substitute £ = 2 and eithery = 0 orv = 0tofind a constantc

M1)

c=—In2

_%1n‘1_2%—g—2 —In|z|=—-1In2 OR
2

—%ln‘%+2%—l‘—ln|x\:—ln2 A1

OR

— A OR z2

T

2?[1-24 - & Yoot _1=4 m

attempt to substitute £ = 2 eithery = 0 orv = 0to find a constant A

THEN

2
221 - 2% — L
Z T

2(1—2£—y—§):4 At

x €T

-z or equivalent  (M1)

M1)



checking boundary values confirms z? — 2xy — y2 =4 A

Note: Condone absence of absolute value signs even if removed incorrectly until the
final ATmark where they must be seen or have been removed to form a correct
equation.

[8 marks]

Examiners report

For those students who were familiar with the process most applied the substitution
given although there were some algebraic errors. Some managed to separate the

variables correctly but again there were algebraic errors. Those that did separate the
variables correctly generally integrated effectively using recognition or substitution.
A small number of students, by removing the modulus incorrectly, introduced a sign

error.
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