Paper 1 May 2024 [110 marks]

1. [Maximum mark: 6] 24M.1.AHL.TZ1.1

Claire rolls a six-sided die 16 times.

The scores obtained are shown in the following frequency table.

Score Frequency

1 P

2
3
4 2
5
6

Itis given that the mean score is 3.

(@) Find the value of p and the value of q.
Markscheme

attempt to form equation for the sum of frequencies= 16 ormean=3  (M1)

p+q+4+2+3=16(=p+q=7) Mm

p+2g+12+8+18

- (=2p+q=11)

Al

attempt to eliminate one variable from their equations M1)
p+2(7T—p)+38=48 OR 2(7T—q) +q =11

p=4andqg=3 A1

Note: Award M1A0A0MOAT forp = 4, q = 3 with no working.

[5 marks]

Each of Claire’s scores is multiplied by 10 in order to determine the final score for a game she is playing.



(b) Write down the mean final score. [1]
Markscheme

mean final score= 30 A1

[1mark]

[Maximum mark: 5] 24M.1.AHL.TZ1.2
Itis given thatloglo a = %,wherea > 0.

Find the value of

@  logy (L) [2]

Markscheme

log;, 1 —log;, a OR logyy a™! = —log;, a OR logy, 1077 OR 10% = —L
103
(A1)

A1

|
w|—=

[2 marks]

(b)  logyggg @ (3]

Markscheme

log,, a

3 1 1 z T
Bt OR 4 1og;gn 10 OR logyggy V10005 OR 103 = 10007 (= (10°)°)
@

I 1 1
L2 oR 3 logygg 10007 OR logiggy 10009 OR 3z = + (1)
1
=9 A1
[3 marks]
[Maximum mark: 8] 24M.1.AHLTZ1.3

Points A and B lie on the circumference of a circle of radius 7 cm with centre at O.



The sector O AB is shown on the following diagram.The angle AOB is denoted as @ and is

measured in radians.

diagram not to scale

rcm

rem
O

The perimeter of the sectoris 10 cm and the area of the sectoris 6. 25 cm?.
(@  Showthat4r® — 207 + 25 = 0.

Markscheme

2r+r60=10 M
5720 =6.25
attempt to eliminate @ to obtain an equation in 7° M1

correct intermediate equation in 7 Al

10—2r =322 or -2 —2= 25 or 57%(-2 —2) =6.25 OR
1.25 + 2r% = 10r

472 —20r +25=0 46

[4 marks]
(b) Hence, or otherwise, find the value of 7 and the value of 6.

Markscheme

attempt to solve quadratic by factorizing or use of formula or completing the square

) 204/ (~20)2-4(4)(25) [ 90./TTTT50

[4]

(m1)



— 32
=5 A1

attempt to substitute their value of 7" into their perimeter or area equation M1)

10-2(3) 25
g = ——2~o0rf =
(%) 2(3)°
0=2 m
[4 marks]
[Maximum mark: 7] 24M.1.AHLTZ1.4

Consider the functions f(z) = cos zand g(x) = sin 2z, where) < z < .

The graph of f intersects the graph of g at the point A, the point B (%, 0) and the point C as

shown on the following diagram.

¥

11 A
g
A
B x
0 i
—14 C
(a) Find the 2-coordinate of point A and the 2-coordinate of point C. [3]
Markscheme

recognising COs £ = 2 sin x cos x m1)
(cos x # 0)sosin & = % OR one correct value (accept degrees) (A1)

Z-coordinates % and 5—6}1 Al



Note: Award (M1)(A1)A0 for solutions of 30 * and 150°.

[3 marks]

The shaded region R is enclosed by the graph of f and the graph of g between the points B and C.

(b)

Find the area of R..
Markscheme

METHOD 1

attempt to integrate -(cos & — sin 2z) (M)

5 =
[.5(cosz —sin2z)dz or [,° (cosz —2sinzcosz)dz

2 2

A1

| o
| cal:l
(V] ot
|= c:l_:,

= [sinz + 1 cos 2z| ' OR = [sin = — sin® z|

Note: Award A7 for = correct integration. Condone incorrect or absent limits up to this point.

attempt to substitute their limits into theirintegral and subtract ~ M1

— <sin5<%n) + % co: (%)) — (sin <%) + % cos (n)) OR
o () - (£))(an(3) 0 ()
D) -G D e =(-H)-a-

_1
area = Al

Note: Award all corresponding marks as appropriate for finding the area between A and B.

Accept work done in degrees.

METHOD 2

(4]



51
[.% cosz d z = [sin z]

2

5
6 1

sin2xdx = [—— cos 21:]

3 A1

and

NE] alén
o
NE] c’l:l

7
Note: Award A7 for correct integration. Condone incorrect or absent limits up to this point.

attempt to substitute their limits into their integral and subtract (for both integrals) m1

sin (%”) — sin <%> and — 3 cOs <5TH) + 5 cos (m)

attempt to subtract the two integrals in either order (seen anywhere) m1)

(sin (%H) — sin (%)) - (—% cos (5—;> + 5 cos (n)) OR

f:%cosxd:c—f:%sin2wda:
2 2
SG-D-(-d) )
area:% Al

Note: Award all corresponding marks as appropriate for finding the area between A and B.

Accept work done in degrees.

[4 marks]

[Maximum mark: 5]

Consider a geometric sequence with first term 1 and common ratio 10.

S, is the sum of the first 12 terms of the sequence.

(@) Find an expression for .S, in the form %,where a, beZ™.

Markscheme

10" -1
9

10, b = 9)

A1

Sn
(a

24M.1.AHL.TZ1.5

(1]



[1 mark]

10(10"—1)—9n
81

(b) Hence, show that S7 + S + S5+ ...+ S,
Markscheme

METHOD 1
S1+8S+8S3+...+ 85,

__ 10-1 10%—1 10"—1

_ 1001410214103 14 41071 g 9(10-1410° 141071+ 410"-1)
= 9 81

attempt to use geometric series formula on powers of 10, and collect —1’s together

10(10"—1)

10+ 104+ 10° 4+ ... +10" = —57+ and -1 —1—-1...=—n
10(0"-1) 9 10(107—-1) _9
= 1L © or ( 107811 ) " oom

Note: Award A1 for any correct intermediate expression.

_10(10"-1)—9n
81

METHOD 2

attempt to create sum using sigma notation with S, M1

o 101-1 _ 110 _ ¥
=1 9 <_ 9(5110 Ell>)

n . n__
10— 0D,

(3

n

Yl=n m
i=1

_ %<10(1% -1) n) OR %<10(10 ;1)7971) A7

_10(10"—1)—9n
=5 A

M1

Al



METHOD 3

IetP(n) be the propositionthat S7 + S9 + S3 + ...+ 5, = w

considering P(1):

10(101—1)—9(1)

LHS =8, = -1 =1 and RHS = -

=1 andsoP(1)istrue BRI

10(10%~1)—9%

assume P(k)istrueie S+ So + Ss+ ...+ Sk = 5T

m1

Note: Do not award M1 for statements such as“letnn. = k”or“n = kistrue”. Subsequent marks
after this M1 are independent of this mark and can be awarded.

considering P(k 4+ 1) :

10(10%—1) -9k _
S1+8S+8S3+...+ Sk = ( 81) _|_10kg1 1

101 —10—9k+9(10""1) —9
= ) A1

~10(10%1—1)—9(k+1)
- 81

P(k + 1)istrue whenever P(k) istrueand P(1) istrue,so P(n) istrue  R1

(forallintegersnn > 1)

Note: To obtain the final R7, the first RT and AT must have been awarded.

[4 marks]

[Maximum mark: 6] 24M.1.AHL.TZ1.6
The function fisdefinedas f(z) = 1/ sin (22),where0 < z < \/1‘[.
Vo

Consider the shaded region R enclosed by the graph of f the T-axisand theline = —5—,
as shown in the following diagram.



The shaded region R is rotated by 211 radians about the Z-axis to form a solid.

I (27 \/5) =

Show that the volume of the solid is —
Markscheme

METHOD 1

attempt to find an integral involving 1 and the square of f(:n) m1

Note: Condone incorrect or absent limits for this M1.

S 2
nfo” (f(z)) da

N
nf,” zsin (:c2) dx a1

EITHER

attempt to use integration by substitution M1



5 Jo' sin (u) d w
Note: Award M1 foru = x2 = % =2z

b

= [—% cos (u)hl A1

OR

attempt to integrate by inspection M1)

i
5 fo 2z sin (x2) dz orR 3 [;7 sin (w2) d (x2)

Note: Condone incorrect or absent limits for M1.

The correct limits may be seen or implied by later work for the A1.

THEN

= <—% cosS ( )) < 5 COS )(orequivalent) (A1)

_ \/_ I I 1 hns
stz R +30 5<_ﬁ+1> OR 7(_
n(2—\/§>
= —a AG
METHOD 2

attempt to find an integral involving 1T and the square of f(x) m1

Note: Condone incorrect or absent limits for this M1.



ye 2
nf? (f(z) dz

Vo
nf,? zsin (z2)dz M
attempt to use integration by substitution M1

u = cos (z?) = S_Z = —2z sin (z?)

Note: Award M1 for . = COS (a:2)

-1
= [—%u} (orequivalent)  A1A1

Note: Condone incorrect or absent limits for M1.

Al for — %u and A1 for both correct limits.

_on_ = o w2 oy _ 1 oy _ V2
= 3 2\/§OR2 4OR2(1 ﬁ)ORz(l 2) A1
n(2—\/§)
R
[6 marks]
[Maximum mark: 7] 24M.1.AHL.TZ1.7

Using mathematical induction and the definition "C/, = -, prove that

n!
rl(n—r)
n

210, = "0, foralln € Z™.

r=

(7]

Markscheme



Basecasen = 1:LHS = 101 = landRHS = 202 = 1,sotrueforn = 1

Note: Award R0 if the value of 101 and 202 are not evaluated.

Subsequent marks can still be awarded.

k
assume trueforn = kie Elrcl = k+1C2 forsomek € ZT mi

r=

Note: The assumption of truth must be clear.

Award Mo for statements such as”“letnn = k”or'n = kistrue”.
Subsequent marks can still be awarded.

considern = k+ 1

kt1
LHs= X "C|

r=1

k
= %70+ MLe,
r=

=K1, 4110, or Ll B0y

EITHER

attempt to cancel factorials and use a common denominator m1

 (k1D)E+2(k+1) <_ (k+2)(k+1)>
- 2 - 2

OR

attempt to use a common denominator M1

k(k+1)! 2(k+1)! [ (k+2)(k+1)!
2k! 2k! <_ 2k! )

R1



sincetrue forn = 1,and trueforn = kimpliestrueforn = k + 1,

thereforetrueforalln € Z* R

Note: Only award the final R1 if 4 of the previous 6 marks have been awarded.
[7 marks]

Note: Throughout this question, condone presence of any additional terms once the first two
correct terms are seen.

[Maximum mark: 7] 24M.1.AHL.TZ1.8
(a) Find the first two non-zero terms in the Maclaurin series of

(@i) sin (xz); 2]

Markscheme

=,
[=}
—~
8
o
~
I
8

6 6
2—%4—...(:3:2—%4—...) A1A1

Note: Award A7 for each term.

[2 marks]
(aii) sin? (wQ) } [3]
Markscheme

METHOD 1

attempt to square their series for sin (332) M1)



(b)

Note: Award A7 for each term.

METHOD 2

. 1—cos (22
attempt to use the identity sin® (.732) = % (M1)

sin? (22) = %(1 = <1 C R (22!2)4»

Note: Award A7 for each term.

[3 marks]

4z sin (w2) coSs (:cZ)

Markscheme
METHOD 1

d (sin (m2))2
recognition that 4 sin (z2) cos (m2) = %

7
:4:1:3—%4—... Al

Hence, or otherwise, find the first two non-zero terms in the Maclaurin series of

(M1)

[2]



METHOD 2

recognition that 4z sin (z?) cos (z%) = 2z sin (2z2) )

3
:2x(2x2—%+...)

7
:4133—8%—1—... Al

METHOD 3

4z sin (w2) cos (:1:2)

:413(332—“5;—?4—...)(1—“32—?—1—...) (A1)

7
=4z3 — 3 4 Al
METHOD 4
d(si 2
recognition that 2 cos (z2) = w m1)

4x sin (:1:2) Cos (mQ)

—2(2? - g+ ) (20— )

7
=43 — 8% +... M
[2 marks]
[Maximum mark: 6] 24M.1.AHL.TZ1.9

The graph of y = f(|x‘)for—6 < < 6isshown in the following diagram.



(@)  Onthefollowing axes, sketch the graph of y = | f(|z|)| for—6 < & < 6.

4.

R

¥

G\_

4

Markscheme



4]

reflection of all negative sections in -axis M1)

approximately correct graph with sharp points (cusps) at Z-intercepts Al

Note: Award A7 only if the heights of the maximum in the middle are lower than the heights of the
maximum at the ends.

[2 marks]
Itis given that f isan odd function.

(b)  Onthefollowing axes, sketch the graph of y = f(z)for—6 < = < 6.



-6 0 6
4

Markscheme

y

4
P — X
-6 0 6

4
A1A1

Note: Award A7 for right hand side unchanged and A7 for rotation 180 ° about the origin.

[2 marks]

Itis also given thatfo4 f(lz|) dz = 1.6.

[2]



(c) Write down the value of
H 0

) 7, f(z) d ]
Markscheme

—-1.6 A1

[1 mark]

i %, (f(|2)) + f(=)) d = (1]

Markscheme

3.2 A1

[1mark]

10. [Maximum mark: 16] 24M.1.AHL.TZ1.10

Consider the function f(z) = %, x # 2.

(a) Sketch the graph of y = f(x) On your sketch, indicate the values of any axis
intercepts and label any asymptotes with their equations. [5]

Markscheme



vertical asymptote £ = 2 sketched and labelled with correct equation A1

horizontal asymptote y = 4 sketched and labelled with correct equation A1

Foran approximate rational function shape:
labelled intercepts — % on x-axis, —1 on Yy-axis Al1A1

two branches in correct opposite quadrants with correct asymptotic behaviour A1

Note: These marks may be awarded independently.

[5 marks]

(b)  Write down the range of f.
Markscheme

y # 4 (orequivalent) A1

(1]



[1 mark]

Consider the function g(w) = 22+ bz + c.The graph of g has an axis of symmetry atx = 2.

The two roots ofg(x) = Qare —% and p,wherep € Q.

(A Showthatp = %

Markscheme
2+§OR@%)+2x%0R1%3:20R—4:—p+% AT
p= % AG

[1 mark]

(d) Find the value of b and the value of c.
Markscheme

METHOD 1

attempt to substitute both roots to form a quadratic M1)

EITHER

@+ e $) on et — (4

| o
N—"
8
+
—~
|
| =
X
| o
N—"

:w2—4x—% A1A1

(b= —de=-1)

Note: Award A7 for each correct value.They may be embedded or stated explicitly.

OR
(20 +1)(2z — 9) = 4(2* — 4z — )

b=—-4,c=— A1A1

IN%=}

(1]



Note: Award A7 for each correct value.They must be stated explicitly.

METHOD 2
—2=20R4+b=0=b=-4 m

attempt to form a valid equation to find ¢ using their b m1)

(-3)7+ () +e=0 on (§)" +—4(3) +c=0

NS

CcC = — Al
METHOD 3
attempt to form two valid equationsin band ¢ M1)
1\2 1 _ 92 9 _
(—3) +b(=3) +e=0, (3)" +b(3) +c=0

b=—-4,c=— A1A1

o

METHOD 4
attempt to write g(a?) in the form (.'I: — h)2 + kand substitute for , hand g(a:)

(—%—2)2+k:0:>k::—24—5

2 _ 25
(z—-2)" -7

:x2—4m—% A1A1

(b= —dc=-1)

Note: Award A7 for each correct value.They may be embedded or stated explicitly.

[3 marks]

(e)

Find the Yy-coordinate of the vertex of the graph of y = g(m)

(m1)

(2]



Markscheme

attempt to substitute Z = 2 into their g(m) OR

complete the square on their g(x) (may be seen in part (d)) M1)

y=-2

[2 marks]

Find the product of the solutions of the equation f(z) = g(x).

Markscheme

ﬂ:(a}-i—%)(w—%) OR 4x_+22 =x? -4z — 3

r—2 T

attempt to form a cubic equation M1)

EITHER

dz+2=(z—2)(z+3)(z—3) ordz+2= (22— 42— 2)(z — 2) Or
(z—2)(z+3)(z— %) —4z—20R (z—2)(z? —dz— §) — 4z —2

23 +...+ 2(=0) OR 423 +... +10(=0)  @n@An

2

Note: Award (41) for each of the terms 23 and % ordz? and 10. Ignore extra terms.

13«3 13
product of roots = (()fxz) OR (WTXN)

A1

oot

(4]



ord=z2+...+9=22+...+5=0
product of roots of quadraticis b (A1)

productis therefore — + X 5

2
o 5
=—3 Al
[4 marks]
11. [Maximum mark: 17]

Consider the polynomial P(x) = 3z + 522+ — 1.
(@)  Showthat (x + 1)isafactorof P(x).
Markscheme

attempt to substitute — 1 into P(:B) OR use of synthetic division OR long division

3 5 1 -1
3(-1)* +5(—1)>+(-1)—1=00rR -1 | 3 2 1
'3 2 1 0

OR Math input error A1

[2 marks]

(b)  Hence, express P(x) asa product of three linear factors.

Markscheme

attempt to divide P(m) by (x + 1) e.g. using long division or synthetic division
P(z)=(z+1)(3z%+2z—-1) @
— (z+1)(z +1)(3z — 1)(: (z +1)%(3z — 1)) M

[3 marks]

Now consider the polynomial Q(z) = (x + 1)(2z + 1).

m1

(m1)

24M.1.AHL.TZ1.11

[2]

(31



(0) Expressﬁ in the form %;1 + %,where A, BeZ.

Markscheme

1 _— A B _
@D = ot T — 1=AQz+1)+ Bz +1)
attempt to equate both coefficients OR substitute two valueseg —1 and — %

244+ B=0andA+B=10rR1=—Aandl = %B
A= —1landB=2 a1

Note: Award A7 for each value.

1 _ 1 + 2
(z+1)(2z+1) ~ =z+1 2z+1

[3 marks]

d . 1 _ 4 2 _ _1
(d) Hence, or otherwise, show that Sl | | @+

Markscheme

1
(z+1)(z+1)(2z+1)

_ 1 1 2
T (z+1) (_ z+1 + 2a:+1) (A1)

1 2 o 1 1 2
@) T Berl)erD) (— 1) +2(-g7 + 2x+1)) A1

_ 4 2 1
T 2241 z+1 (z+1)* AG

Note: Award A140 for follow through from incorrect valuesin part (c).

[2 marks]

(e) Hence,ﬁndfm dzx.

Markscheme

(m1)

[2]



attempttointegrateatleastonetermin( 42 1 ) M1)

2z+1 z+1 (m+1)2
4 2 1
f( 2241 2l (g+1)? ) dz

=2In2z+ 1] —2n|z+ 1|+ ;1:41—1 (+c) A

Note: Award A7 for each correct term.
Award a maximum of M1A140A1 if modulus signs are omitted.
Condone the absence of 4-c.

[4 marks]

P(z

Consider the function defined by f(z) = ——= 77—, wherex # —1, © # —%.

()

(fi

(z+1)Q(2)

Find

) Jlim, f(@) 2

Markscheme

METHOD 1

attempt to cancel factors and substitute x = —1 M1)

. RT (z4+1)°Bz—-1)\ _ 1. 3z-1\ _ 3(=1)-1
:Elin_ll f(il?) o xlin_l1< (z+1)*(2241) ) n xli>n—11( 2z+1 ) o2+

=4 Mm

METHOD 2

attempt to expand denominator, differentiate numerator and denominator twice and substitute
r=—1 m1)

. BT 32’45z 4z—1 \ _ 1 9z24+10z+1 \ __ 1: 182410\ _ 18(=1)+10
Jg{ll f(z) —m11>11_11<2z3+5x2+4m+1 _mllf{ll 62210z +4 _zll}fll(mmﬂo) = T2(—1)+10

=4 M



[2 marks]
[1]

(fii) mh_{]go f(z).

Markscheme

METHOD 1

attempt to consider coefficients of 22 or divide all terms by z3

3z, .. . 3+terms which tend to 0
< ) or lim (2+terms which tend to 0)

lim f(z) = lim
—00 f( ) —00 234+ —00
— 3

=3 A1

METHOD 2

attempt to cancel factors and consider coefficients of & or divide all terms by

(z+1)°Bz—1) \ _ 1. o . -1
(Eriamr) = Jim (351) or lim (57

lim f(z) = lim

m—>oof( ) T—00 ($+1)2(2$+1) T—00

-3

=3 Al

METHOD 3

attempt to expand denominator, differentiate numerator and denominator three times
. T 3345z -1\ _ 1. 9224+10z+1 ) _ q: 18z+10\ _ 1: 18
lim f(z) = gggo(—msm%ﬂ = lim ( G5y ) = lim () = lim (13)
— 3
=3 Al

Note: If the M7 has not been awarded in part (i) it can be awarded in part (ii).

[3 marks]

24M.1.AHL.TZ1.12

12. [Maximum mark: 20]
Consider® = (a + bi)3,where a, be R



(@) Intermsofaandb,find

(ai) thereal partof @; [2]
Markscheme

attempt to expand the brackets or attempt to find modulus and argument of & M1)
(a+bi)® = a® + 3a2bi + 3a(bi)® + (bi)® OR

N |
(\/&2 - b2> cis (3 arctan (%))

real partisa® — 3ab® OR (a® + b2)% cos (3 arctan (2))

[2 marks]

(aii) theimaginary part of . (1]

Markscheme

3
imaginary partis 3a?b — b OR (a®+ b?)? sin (3 arctan (

o |o

)) M

Note: Award (M1)A1A0 for (a® — 3ab?) + (3a2b — b3)i OR
(a? + %) cos (3 arctan (L)) + (a2 + b?) *i sin (3 arctan (2))

For (ii) condone (3&26 — bg)i OR (a2 + 52) %i sin (3 arctan ( b ))

a

[1mark]

(b)

_\3
Hence, or otherwise, show that (1 + \/3i> = —8&. (2]

Markscheme

attempt to substitute @ — landb = \/ginto their real orimaginary partfoundin (a) OR to
expand the brackets OR to use polar form M1

(1-9)+ (3V3 - 3v3)i or
(2\/51—2)(1+\/§i) —24/3i—2— 6 —24/3i OR

1 3 .
(2eT> — 8e!™ OR (2cis (60°))° = 8cis (180°) a1



= -8 AG

[2 marks]

The roots of the equation 2° = —8are u, vand w, wherew = 1 + v/3iandv € R.

(c) Write down v and W, giving your answers in Cartesian form.

Markscheme

v=—2, w=1—+3i am

Note: Award ATA0forv = 1 — \/gi, w = —2 orif the labels v and W are not clearly specified
or missing. Candidates may be awarded full FT marks for subsequent parts.

[2 marks]
On an Argand diagram, 4, v and W are represented by the points U, V and W respectively.

(d)  Findthe area of the triangle UVW.
Markscheme

METHOD 1

triangle UVW hasheighth = 3andbaseb = 2\/§ (A1)

attempt to find area of triangle with their height and base M1)
area = % X 24/3 x 3

= 3\/§(square units) A1

METHOD 2

2
triangle UV'W has sides of length 32 + (\/§> =\|v12 @y

attempt to find area of equilateral triangle with their side length m1)

[2]

(3]



wea= 4 (V12) sin & or 1VIZ(3) or (VIZ) x 2B

= 3\/§(square units) A1

METHOD 3

N\ 2
triangle UV O has sides of length 12 4 (\/3) =12 @

attempt to find area of three isosceles triangles with their side length and angle 2—3n m1)
area = 3(%(2)2 sin 2%)
= 3\/§(square units) A1

[3 marks]
Each of the points U, V and W is rotated counter-clockwise (anticlockwise) about 0 through an angle

of % to form three new points U/, V/ and W/.These points represent the complex numbers u/, v/ and
w/ respectively.

() Findu/,v!and W/, giving your answers in the form rel? where —m < 6 < m.
Markscheme
attempt to express U, U or W in the form re'? and multiply by el m1)
oo Tn g
(u/: 2e3’e™ :> 2e™ A1
;I 5_1-1. _3_n.
(vl: 2eMeT' = 2e7T! :>2e ™t om

(wl: 2¢7leil :> 2¢e~ 1l A

Note: These AT marks should be awarded independently and in any order.

[4 marks]

(4]



Given that u/, v/ and w! are the solutions of 23 = ¢ + di,wherec, d € R, find
the value of cand the value of d.

Markscheme

EITHER

attempt to find one of (ul)3, ('v/)3 or (’w/)3 M1)

s n

.\ 3 o . 0\ S .
(w)® = <2ez_2‘) — 8ei = 8e il OR (v1)® = (2e’3T1> =8e T OR

o s 3 I .
(wr)? = (Ze*ﬁl) =8e 7

OR
attempt to find product of their three roots u/, v/ and w/ M1)

ulXvIxwl= (¢ + di)

T . 3o . oo, . To . 5m . o o. .
2e1! X 2e7 1! X 2e 2! = 8e 1! OR 2eT! X 27! X 2e" 12! = Be 7! (or
equivalent) (A1)

OR

N
attempt to find (zeI‘) forany 2 such that 23 = —8ORtorotate —8 by 37411 M1)

b}

2\ 3 - - .
((zeil) = z3e371 :> — 8e3T1 OR 8¢~ 7' OR 8cis (—45°) @

THEN

se i —8( L~ Li) = (1)

=42 —4/21 M

8
N A C = — d - ——=.
ote: Accept ok NG



[3 marks]
Itis given that u, v, w, u/, v/ and w/ are all solutions of 2™ = aforsomeax € C,wheren € N.

(9) Find the smallest positive value of 1.
Markscheme

METHOD 1

attempt to write the arguments of u, v, w, u/, v/ and w/ overa common denominator OR to
write the arguments in degrees M1)

—9n —4n —1 4n Tn 12n ° ° ° ° o °
“n o dnom Mmoo 1noop 9357, —60°, —15°, 60°, 105°, 180

THEN
argumentsof u, v, w, u/, v/ and w! differ by % and E{_g OR45° and 75°

so arguments of polygon vertices differ by 1—112 orl5®  @n

n=24 A

METHOD 2

Letz =7 cis 0 = 2" = r" cis (nf) = r" cis (nf), where @ is the argument of
u, v, w, ul, vlandwl.

3 7
recognition to find @ wheren = 6,12,18,...and0 = —TH, —%, —%, %, 1—;, I
M1)

whenn = 6 = (nf =) — 3, ~2m, — 3, 2n, 5, 6n

whenn = 12 = (nf =) — 9n, —4n, —n, 4n, 7u, 120 (which is not a multiple of 2m)
(A1)

n=24 a1

[3 marks]
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